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Nondispersive Space-Time Wave Packets Propagating in

Dispersive Media

Hao He, Cheng Guo,* and Meng Xiao*

Space-time wave packets can propagate invariantly in free space with
arbitrary group velocity thanks to the spatio-temporal correlation. Here it is
proved that the space-time wave packets are stable in dispersive media as
well and free from the spread in time caused by material dispersion.
Furthermore, the law of anomalous refraction for space-time wave packets is
generalized to the weakly dispersive situation. These results reveal new
potential of space-time wave packets for the applications in real

dispersive media.

1. Introduction

Most materials are dispersive media in which waves of different
frequencies travel at different velocities.!"? Dispersion causes the
shape of a wave pulse to change as it travels, which is known as
group velocity dispersion.3] The group velocity dispersion lim-
its many applications such as broadband optical communica-
tion and nanophotonics devices.*’] In addition to dispersion,
diffraction also causes the distortion of a pulse during the prop-
agation. There have been a number of studies on diffraction-
free wave, such as the well-known Bessel beams, Airy beams,
and X-waves.[®1% For monochromatic Bessel beams and Airy
beams, their special spatial spectrum enable them to travel with-
out diffraction. While for X-waves, it is the correspondence be-
tween its temporal and spatial frequencies, rather than the spe-
cific spectral distribution, that makes X-waves diffraction-free.
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Despite intense research on diffraction-
free beams, little efforts have been de-
voted to resist the dispersive propagation
in real linear material, and the dispersion
has been long considered as an intrinsic
and inevitable nature of material.

We are interested here in resisting the
temporal spread caused by dispersion of
material. Achieving this goal can have
tremendous implications for optical com-
munication, where information may get
lost as pulses spread in time and merge
due to dispersion effect.'"12] One typical strategy for material
dispersion compensation in optical fiber is to strike a balance
between the material dispersion and waveguide dispersion.!'?]
However, such compensation only works at fixed wavelength,
that is, the zero-dispersion wavelength for single-mode opti-
cal fiber.

Here we prove that a recently proposed propagation-invariant
wave called space-time wave packet does not suffer from ma-
terial dispersion.['*18] Unlike traditional diffraction-free beams,
space—time wave packet keeps its spatial and temporal profile in-
variant thanks to its one-to-one relationship between the axial
wave numbers and the temporal frequencies. Such space-time
coupling is essential to many types of nondiffracting waves.[19-21]
For instance, the X-waves could be classified as a special type of
space—time wave packet, and the general concept of the space—
time wave packet supports a wider range of group velocity and
more relaxed experimental requirements.[??! The basic concept
of nondiffracting waves has been known since the 1980s.[23-28]
However, only very recently has significant progress emerged in
realizing space-time wavepackets. These advances are made pos-
sible by innovations in spatio-temporal Fourier synthesis, which
allows simultaneous control over spatial and temporal degrees
of freedom for an optical wavepacket.['*2%3] Such propagation-
invariant space-time wave packets may find many potential ap-
plications such as communications, bio-imaging, sensing, and
metrology.?132] For many of these applications, it is essential to
understand the propagation of space-time wavepackets in disper-
sive media. Our work provides a deeper theoretical understand-
ing of such phenomena.

We demonstrate that, without any requirement for the
medium, space-time wave packet serves as a general method
for dispersion-free propagation in dispersive media. Moreover,
we find that other unconventional properties of the space-time
wave packets also exist in dispersive medium, for example, arbi-
trary group velocity.!3] We also modify the law of refraction for
space—time wave packets, with additional terms introduced by
material dispersion.[**] Our work here provides a general theoret-
ical framework for space—time wave packets in dispersive media.
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The rest of the paper is organized as follows. In Section 2, we
validate the non-dispersive propagation of space—time wave pack-
ets in dispersive media. In Section 3, we modify the refraction law
for space-time wave packets at the interface of two dispersive me-
dia. In Section 4, we consider the high order contribution to the
rigid propagation of space-time wave packets. We conclude in
Section 5.

2. Space-Time Wave Packets in Dispersive Media

In this section, we first show the existence of space-time wave
packets in dispersive media both theoretically and numerically,
then consider a more specific case of quasi-monochromatic and
paraxial condition in weakly dispersive media.

Consider a light pulse with scalar field U(x,y 2 t) =

A(x,y, z, t)exp[—i(wt — nyky2)] propagating along the z-axis
in a dispersive medium whose refraction index is frequency
dependent n = nq,, where A(x,y, 2, 1) is the slowly varying enve-
lope, w, is the frequency of the carrier, n, is the refraction index
of the center frequency w,, k, = w,/c is the wave number and
Q = w — w, is the frequency with respect to @,. The wave can be
decomposed into plane waves:

x Yz t // er kY’ Q ifk,. X+kyY_Qt+[kz‘k Ky sz)—m)ko]l}dkxdkydg

1)

where k, and k, are components of the transverse wave vector
k, = (k. k,)and

x? 7y

ke i = 3/ [n(@o + )/ = (2 +K2) @

Ideally, space-time wave packet consists of precisely selected
plane waves such that its spectrum exhibits a special delta func-
tion

Ak, k,Q) = Ayk,, k,Q)- é[Q—vg(kZ—nOko)] (3)

o Ky o Ky
where A, (k,, k,, Q) is a spectrum of an arbitrary wave pulse. Sub-

stitute Equation (3) into Equation (1) and we obtain

A p2 1 / Ayl b, @ el b Gk dk,
(4)
= A(x,,0;t — 2/v,)

Equation (4) implies that the space-time wave packet can also ex-
ist in dispersive medium. This leads to several unconventional
properties of space-time wave packet. First, the transverse field
profile is unchanged during the propagation. Second, the tem-
poral profile does not spread despite the dispersion of material.
Third, the wave packet travels at a fixed group velocity v, what-
ever the actual dispersion is like. The group velocity dispersion
sign, that is, normal or anomalous dispersion, affects the shape
of the light cone. It does not affect the propagation invariance of
the synthesized space-time wavepackets.

www.lpr-journal.org

structure of light in free space is a 3D light cone in the 4D (w, k)
space (Figure 1a), and in dispersive medium the band structure
is a 3D hypersurface, for example Figure 1b for normal disper-
sion and Figure 1c for anomalous dispersion. Ordinary pulses
has a 3D spectrum distribution on the 3D hypersurface because
of the independence between space-time coordinates. However,
the & function, denoted by the tilted hyperplane Q = v, (k, — n,k,)
in Figure la—c, selects a 2D distribution out of the 3D distribu-
tion, by correlating time and space. In this way one can construct
a both diffraction-free and dispersion-free wave packet in disper-
sive media by linear superposition of the plane waves at the in-
tersection of the hyperplane and band dispersion.

Through a rigid numerical demonstration, we validate the
nondispersive propagation of space-time wave packets, shown
schematically in Figure 1d. Here we consider a homogeneous
material with a frequency-dependent refraction index n g, = n, +
pQ, where n,=0.7, p=5x10"1° s. A Gaussian wave packet
propagates inside such a medium with its central wave length
Ay =1 pm, waist radius W, = 30 ym and temporal width 7, ~
1.7 ps. Here the field is assumed to be uniform along the trans-
verse dimension y for simplicity. Figure le shows the spectrum
of the Gaussian wave packet, and Figure 1f,g show the amplitude
distribution at z = 0 and z = 0.4 m respectively (depicted in the
moving reference frame). Such a Gaussian wave packet spreads
in time and space as expected (Figure 1f,g). And Figure 1h shows
the normalized amplitude of the Gaussian wave packet on the
axis, which broadens due to material dispersion. By imposing
the spatio-temporal correlation upon the Gaussian wave packet,
we construct a space-time wave packet with group velocity v, =
0.097c, whose spectrum exhibits a parabolic shape(Figure 1i).
Figure 1j,k show its amplitude distribution at z = 0 and z = 0.4
m, and its profile hardly changed, which is in line with Equa-
tion (4). As shown in Figure 11, the temporal profile of the space-
time wave packet does not change despite the material disper-
sion. That reveals its unique resistance to material dispersion.

The resistance of space-time wave packets to temporal dis-
persion could be interpreted as follows: the spatio-temporal
correlation forces light of different frequencies, thus different
group velocities, to travel in distinct directions, resulting in the
same group velocity components along the z-direction. Disper-
sion of different media just changes the phase velocity of every
monochromatic light, and the propagation invariance of space—
time wave packets remains as long as such monochromatic lights
travel in their specific directions. Note here, though we formulate
with a scalar field, the extension to a vector field is straight for-
ward.

However, such precise control over Q and k, is impossible in
practice due to the infinite intensity such § function requires
and the finite precision in experiments.?*®! In addition, the
numerical aperture is also restricted in a small range in most
cases.l’l So it stands critical to explore the more realistic case,
with narrow bandwidth, limited control over the spectrum and
paraxial condition. For a space-time wave packet which is quasi-
monochromatic, the frequency-dependent refraction index can
be expanded in the vicinity of its center frequency w, as 1 ~
1y + K, and the spectrum reduces to the parabolic form:

To be more specific, the role of such a § spectrum in Equa- Q c 5
tion (3) can be interpreted in the following geometry. The band = 2anyw, * )
Laser Photonics Rev. 2022, 16, 2100634 2100634 (2 of 6) © 2022 Wiley-VCH GmbH
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Figure 1. a) Intersection of the light cone and a tilted space—time hyperplane. b) Intersection of a normal dispersive hypersurface and a tilted space—
time hyperplane. ) Intersection of an anomalous dispersive hypersurface and a tilted space-time hyperplane. d) Dispersive propagation of ordinary
Gaussian pulse and nondispersive propagation of space-time wave packet. e-l) Numerical demonstration of the propagation in dispersive medium. e)
The spectrum of Gaussian pulse. f,g) The normalized amplitude distribution of Gaussian pulse at origin z = 0 and z = 0.4 m. Depicted in the moving
reference frame: 7 =t —z/v,, 5, Where vy, is the velocity of the Gaussian pulse. Gaussian pulse suffers from both dispersion and diffraction. h)
Normalized center intensity distribution of Gaussian pulse. i) The spectrum of space-time wave packet. j,k) The normalized amplitude distribution of
space-time wave packet at origin z= 0 and z = 0.4 m. Depicted in the moving reference frame: 7 =t — z/v,. |) Normalized center intensity distribution

of space—time wave packet. Space—time wave packet propagates with a fixed profile.

where a = (ny + fw,)/c — 1/v,. So the parabolic spectrum shown
in Equation (5) suffices to sculpt the spatio-temporal spectrum
depicted in Figure 1i for a dispersive medium, as long as the omit-
ted high order terms in the dispersion relation are relatively small
compared with fQ,

3. Refraction of Space-Time Wave Packets at
Interface of Dispersive Media

One unique property of space-time wave packets is the anoma-
lous refraction at the interface of two nondispersive media, where
some corollaries of the Snell’s law no longer hold.**] Here we ex-
tend the study to the interface of two possibly dispersive media,
and modify the law of refraction for space-time wave packets.
When travelling through different media of distinct disper-
sion relation, the spatio-temporal correlation is expected to be
conserved, because such correlation exhibits the same form of a
parabola shown in Equation (5) in different weakly dispersive me-
dia. To be more specific, with respect to the normal incidence of

Laser Photonics Rev. 2022, 16, 2100634
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space—time wave packets between two dispersive media, conser-
vation of energy and transverse momentum lead to the invariance
of w and k, for every monochromatic component. Therefore the
parabolic spectrum in Equation (5) is also preserved under the
refraction, so is the value of the coefficient. Such invariant coeffi-
cient, expressed in two dispersive media separately, gives rise to
the refraction law for space-time wave packets.

11 (o1 + Brwg — 1) = 1y (Mg + Broog — 1) (6)

where n,; is the refraction index of the medium i(i = 1, 2) at the
center frequency, fi; = ¢/v,; is the group index and §; refers to the
first order of dispersion. For non-dispersive medium, the refrac-
tion law above reduces to:

11 (o1 = Fiy) = By (g, — 7y) (7)

which agrees with the result of Bhaduri et al.[**]
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Figure 2. a) The group velocity relation between the two media in the normal incidence. b) The group velocity relation expressed in terms of the tilt
angle 6 of the space-time hyperplane. The dashed lines in b) represent the equivalence of 6, and 6, that is, vy = v,,. The left hand side of the dashed
line corresponds to v,y < vy, (anomalous) and right hand side corresponds to v,y > v, (normal).
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Figure 3. a) Inclined refraction of space-time wave packet. b) The relation between incident angle @, and the group velocity v, of refracted wave.

Although the dispersion near w, can be relatively small:
pQ < ny, such a small term could actually cause appreciable
change in the refraction of space-time wave packets, as the
change introduced by g is actually fw,. To demonstrate its effect,
Figure 2 compares two refraction processes both from nondis-
persive air to a weakly dispersive medium f = 1.64 x 1071¢ s,
w, = 1.89 X 10 s7! and n, = 1.34 (green line) and a nondisper-
sive medium # = 0 with other parameters the same (blue line).
In this figure, we show the law of refraction Equation (6) as a
relation between (v,;,v,,) and (6;,6,), here 6 = cot™' () stands
for the tilt angle of space—time hyperplane shown in Figure la—c.
Both the two lines in Figure 2a have the shape of the inverse pro-
portional function [indicated by Equation (6)] and the existence
of dispersion just shifts the center of such shape and stretches
the coordinates. The green triangles in Figure 2a represent the
numerical results of the refraction process making use of Fresnel
equation, which validates Equation (6). In terms of the tilt angle
0, the normal dispersion (f > 0) tends to “drag” the blue line
in Figure 2b downward. Meanwhile, compared with ordinary
pulsed beams with only fixed group velocity, the group velocity
of space—time wave packets can increase, decrease or remain the
same in the refraction process depending on the group velocity of
incident space—time wave packets (Figure 2b). The region to the
left of the dashed lines (blue and green denote respectively, the
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nondispersive and dispersive cases.) in Figure 2b corresponding
to v,; <v,, stands for the “anomalous” refraction of space-time
wave packets, because the group velocity does not decrease as
expected when n; < n,. Compare the blue and the green dashed
lines, we can conclude from Figure 2b that the dispersion here
also can change the range of group velocity in “anomalous”
refraction.

For oblique incidence (Figure 3), the condition k, =k,
turns into k,,cos®,; = k,,cos®, as k, is no longer parallel to the
interface.?*! The law of refraction for space-time wave packet
changes correspondingly

Mgy (Rgy + iy — 7ty)cos* @, = ng, (g, + o0, — ty)cos’®, (8)

where @,, @, are the angle of incidence and refraction respec-
tively, determined by Snell’s law: n,sin®; = n,sin®,. For in-
stance, an incident space-time wave packet with group veloc-
ity v, = 0.1c could be refracted to have a new group velocity
in a wide and continuous range when it comes from differ-
ent @, as illustrated in Figure 3D, and the existence of dis-
persion tends to change such velocity range from ~0.1c-0.75¢
to 0.1c-0.6¢c. Therefore, the dispersion here narrows (can also
broaden in case of anomalous dispersion) the v, range of the
refracted wave.

© 2022 Wiley-VCH GmbH
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4. High Order Terms in the Spectrum

In practice, sculpting a spectrum of accurate parabola shape is
sometimes intractable,[?>33] but a polynomial spectrum also pro-
vides additional measure to shape the propagation.’”] A more
general case is to reconsider the relatively small high order terms
in the parabolic spectrum, for example

Q(k,) & (€ + k) + a, (k2 + K2)? )

For simplicity, we discuss its behavior in free space. And the re-
sult will deviate slightly from the case for ideal space-time wave
packets:

A(x,y,z;t) « // At oM expl—ia, K (t — 2/v,)

— i,k (t — z/v')]dk, dk, (10)

wherel/v, = 1/c — ¢/(2w,a,) is the reciprocal of group velocity
and 1/v' = 1/c - ¢*/(8w,a,) is the high term contribution with
the dimension of the inverse of speed controlled by a,. Therefore
the previous rigid propagation fails to satisfy as the amplitude
distribution has a nonvanishing z-dependence:

A(x,y,z;t) //Aei("xﬁkﬂ)exp[—i(xlkit’

— im, k| (t' = z/V' + z/v,)|dk,dk, (11)

where t' = t — z/v,. Such a deviation would get larger at long dis-
tance or time.

However, the paraxial condition ensures A(x,y zt) =
A(x,y,0;t—z/v,) again at least within a finite space and
time since a,k? < a;, and actually the propagation distance of
space-time wave packets is also finite due to the “fuzziness”
in the spatio-temporal correlation.3%] Such deviation, therefore,
can be relatively small in the propagation of space-time wave
packets. In fact, such deviation corresponds to the first dispersive
term of space-time wave packets in free space.[*’] To be more
specific, only one of the two terms in V' is introduced by a, while
the other comes from the high terms in Taylor series, which is
previously omitted in the expansion of k,. In other words, one
can make A(x,y, z;1) = A(x,y, 0; — z/v,) strictly true at the order
of k% if we choose a, properly such that v/ = v,, in which case
the z-dependence in Equation (11) vanishes.

Furthermore, one can always complete Equation (9) with addi-
tional high terms correspondingly to compensate the destruction
of rigid propagation that is caused by the omitted terms in the ex-
pansion of k,. The more terms one compensates, the closer the
spectrum is to the 6 function, thus closer to the ideal space-time
wave packet. From another point of view, putting more power
series terms in Equation (9) can make the free space to exhibit
arbitrary magnitude, sign, and order of dispersion.*’! For exam-
ple, a linear term added in Equation (9) will result in an effective
group-velocity dispersion (GVD), which has been demonstrated
theoretically and experimentally by Murat Yessenov et al.l*®]
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5. Discussion and Conclusion

Until now, space-time wave packets have mostly been investi-
gated in free space.[3¢373% However, there has been attempts us-
ing spatio-temporal correlation in surface plasmon polaritons.[*!
More generally, our work presented here reveals the great po-
tential of imposing spatio-temporal frequency correlation in the
dispersive media, which is proved to resist the temporal broad-
ening in dispersive medium. Here, the first dispersion term in
the medium provides a handle to change the group velocity with-
out destroying the spatio-temporal correlation. Meanwhile, the
higher order dispersion do not affect the propagation of space-
time wave packet, although that always leads to some unique
properties to other diffraction-free wave like an Airy pulse.*!]
Apart from that, we generalize the refraction law for space-time
wave packet to dispersive media. After the submission of this pa-
per, we were aware of an experimental demonstration of the de-
rived law.[*?] These findings further support the idea of imposing
spatio-temporal correlation to shape the propagation of wave, and
pave the way for dispersion compensation in dispersive media.
Our work also points to the significant opportunities for creat-
ing space-time wavepackets in dispersive photonic structures or
complex media.[***4] These thoughts may be further extended to
other general wave systems with different dispersion relations,
such as acoustic waves or quantum waves.

The recent method proposed to impose precise spatio-
temporal correlation with a compact photonic crystal slab freed
the generation of space-time wave packets from sophisticated
procedure using a 2D pulse shaper.[?33] On that basis, we prove
that the possibly high order terms in the band dispersion of such
photonic crystal slab actually open up a new avenue for sculpting
the arbitrary dispersion for space-time wave packets.>’]
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